The dynamics of extended spinning bodies in the Kerr spacetime is investigated in the pole-dipole particle approximation and under the assumption that the spin-curvature force only slightly deviates the particle from a geodesic path. The spin parameter is thus assumed to be very small and the back reaction on the spacetime geometry neglected. This approach naturally leads to solve the Mathisson-Papapetrou-Dixon equations linearized in the spin variables as well as in the deviation vector, with the same initial conditions as for geodesic motion. General deviations from generic geodesic motion are studied, generalizing previous results limited to the very special case of an equatorial circular geodesic as the reference path.
I. INTRODUCTION
The motion of a spinning test particle in a given gravitational background in the context of general relativity is described by the so called Mathisson-Papapetrou model [1, 2] completed with the Dixon-Tulczyjew [3] [4] [5] [6] [7] [8] supplementary conditions, under which the trajectory of the extended body is determined by an associated reference world line used for a multipole reduction. Solving the resulting equations is in general a rather difficult task even for highly symmetric spacetimes, due to the complicate features of the forces associated with the non-geodesic motion. The latter imply deviation from geodesic motion, which can be analytically discussed in very special contexts (see, e.g., Ref. [9] , where a plane gravitational wave is taken as the background spacetime). The simplest approach consists in performing purely numerical studies of the full nonlinear equations [10] [11] [12] [13] [14] [15] . Otherwise one can search for analytic solutions which describe particle motion constrained along Killing trajectories, e.g. circular orbits [16] [17] [18] , also in the ultrarelativistic regime [19] . Furthermore, Lyapunov stability in these cases has been investigated, e.g., in Refs. [20] [21] [22] .
In the present paper we follow a different approach to the problem, taking advantage of the condition of "small spin" which is implicit in the model. In fact, in order to neglect the particle back reaction on the background spacetime the length scale naturally associated with the spin should be very small compared to the one associated with the curvature tensor of the spacetime itself. Introducing this smallness condition from the very beginning leads to a simplified set of linearized differential equations which can be analytically integrated at least in some special cases [23, 24] .
We investigate the deviation of the path of a spinning particle from a general geodesic in the Kerr spacetime, generalizing previous results of Ref. [23] , whose analysis was limited to the case of circular geodesic motion on the equatorial plane taken as the reference path. The linearized set of equations in the spin variables as well as in the deviation vector components with initial conditions for geodesic motion leads to solutions for which the deviations are entirely due to the spin-curvature force. It proves convenient to introduce an adapted orthonormal frame which is parallely propagated along the reference timelike geodesic congruence. In fact, the frame components of the spin orientation vector are constant and the covariant derivative of the displacement vector simply becomes an ordinary derivative with respect to the proper time along the geodesic path. Such a frame was found by Marck [25, 26] , who showed how to identify one leg of the associated spatial triad directly from the Killing-Yano tensor. Therefore, we start with a short review of Marck's construction of the parallel transported frame by evidentiating its geometrical properties.
We then consider a sample of geodesics and study the evolution of the components of the deviation vector as well as the features of the perturbed orbits. In the case of equatorial circular geodesic studied in Ref. [23] the spinning particle position for a given spin orientation oscillates about the Keplerian orbit with (a combination of) the proper radial and vertical epicyclic frequencies. The features of motion change significantly when non-circular and non-equatorial geodesics are considered as the reference path.
II. LINEARIZED MPD EQUATIONS
The set of Mathisson-Papapetrou-Dixon (MPD) equations to first order in spin is given by [23, 24] 
where U denotes the timelike unit tangent vector to the "center of mass line" for the spinning particle used to perform a multipole reduction, τ is the proper time parameter along U , a(U ) = ∇ U U is the associated 4-acceleration,
µνρσ U ν U σ is a spatial trace-free tensor orthogonal to U referred to as the magnetic part of the Riemann tensor with respect to U , which in vacuum is also symmetric. N is a spacelike unit vector determining the spin orientation. The total 4-momentum P of the particle is aligned with U in this limit, i.e. P µ ≈ mU µ , with the mass m of the particle remaining constant along the path. The magnitude s of the spin vector S = sN is also a constant of motion and appears in the equations only through the specific spin angular momentum ratio σ ≡ s/m (so that σ has the dimensions of a length).
Consider now a pair of world lines with approximately the same initial data, one a geodesic with 4-velocity U (g) , the other a world line of a spinning particle which deviates from the geodesic because of the combined effects of geodesic deviation and the spin-curvature coupling, with 4-velocity U . Solutions of the equation of motion to first order in the spin can then be found in the general form
Moreover, the normalization condition U · U = −1 (to first order in spin) constrains Y so that
synchronizing the proper times to first order, implying that τ can be used unambiguously for that single proper time parametrization of both world lines. Furthermore, this implies that to first order in the spin, the spin orientation vector N is parallely propagated along U (g) . When the background spacetime admits a nontrivial Killing-Yano tensor f , such a vector N can be directly obtained from f , as shown by Marck [25, 26] . Let us introduce the coordinate displacement ξ α associated with Y α such that
with dx
The 4-acceleration a(U ) to first order in spin turns out to be given by
where Γ (g) µ αβ denote the Christoffel symbols evaluated at
and taking the covariant derivative of this expression along U (g) gives
where R (g) µ γαβ denote the Riemann tensor components evaluated at x α = x α (τ (g) ). Therefore, Eq. (7) becomes
where E(U (g) ) is the electric part of the Riemann tensor. The equations of motion (1) are thus summarized by
In order to solve this set of equations it is convenient to introduce a parallel propagated frame along U (g) , implying that the covariant derivatives simply become ordinary derivatives with respect to the proper time and the components of the spin orientation vector in that frame are constant.
One may also consider a bunch of spinning particles with different spin s and all surrounding a single geodesic. Deviations from each pair are measured by
From Eq. (11) it follows that both the displacement vector ξ and the deviation vector Y do not depend on the value of s (or σ). The latter instead affects the resulting particle orbits. Typical values for astrophysical systems can be found, e.g., in Refs. [14, 23] . For instance, for the motion of the Earth in the gravitational field of the Sun the associated length scales are (s/m) ⊕ ≈ 200 cm and M = M ⊙ ≈ 1.5 × 10 5 cm, leading to σ ≈ 10 −3 . The same order of magnitude is obtained in the case of the binary pulsar system PSR J0737-3039 as orbiting Sgr A * , the supermassive (M ≃ 10 6 M ⊙ ) black hole located at the Galactic Center, at a distance of r ≃ 10 9 Km [27] . It consists of two close neutron stars, whose intrinsic rotations are negligible with respect to the orbital period of about 2.4 hours. Considering then the binary system as a single object with reduced mass of about 0.7 M ⊙ and intrinsic rotation equal to the orbital period, the spin parameter thus turns out to be equal to σ ≈ 10 −3 .
III. GENERAL GEODESIC MOTION IN KERR SPACETIME
The Kerr metric in standard Boyer-Lindquist coordinates is given by
where ∆ = r 2 − 2M r + a 2 and Σ = r 2 + a 2 cos 2 θ; here a and M are the specific angular momentum and total mass of the spacetime solution. The event horizons are located at r ± = M ± √ M 2 − a 2 . Let us introduce the Carter family of fiducial observers, whose 4-velocity and spatial unit vector in the Killing 2-plane < t, φ > are given by
respectively. Here u (car) andū (car) are future-oriented and rotating with positive angular velocity. Other conventions give rise to sign differences which matter in the calculations developed below. The vectors
form an orthonormal spatial triad with dual
adapted to Carter observers u (car) = e 0 (with dual
A. Timelike geodesics
Timelike geodesics in the Kerr spacetime are given by
where ǫ r and ǫ θ are sign indicators, and
where E, L and K are the energy, azimuthal angular momentum and generalized angular momentum (Carter constant) per unit mass of the particle. The unit tangent vector to the timelike geodesics U (g) has the following form with respect to the Carter frame
As it is well known, a part from the common factor 1/ √ Σ, the components of U (g) with respect to Carter's frame are separated in their dependence on the coordinates r and θ. This is also true for the coordinate components of U
We have then
We find it convenient to further decompose ν (g) along the radial direction and orthogonally to it, i.e. to introduce the following quantities
so that
and with
It is worth to note that ν (g) has a sign in its definition.
B. Killing-Yano tensor
Consider the Killing-Yano tensor with its electromagnetic-like decomposition [28] 
Using the notation
f and its dual f * can be written as follows
C. Parallel transported frame along U (g)
Carter's frame is very special because of its property of making the electric and magnetic fields E(u (car) ) and B(u (car) ) parallel and both aligned with the radial direction
having introduced the more compact notation
The invariants of this field,
and are both nonzero, showing that the field is nonsingular. As shown by Marck [25, 26] , a spacelike vector orthogonal to U (g) and parallely transported along U (g) is given by
We have elucidated then the geometrical meaning of E 1 , in the sense that it represents then the unit spacelike direction of the electric part of the Killing-Yano tensor as "measured" by the geodesic observers
where × u (car) denotes the vector product in the local rest space of u (car) and P (u (car) , U (g) ) = P (u (car) )P (U (g) ) is a composition of the two projection operators
Let us write the components of E 1 with respect to Carter's frame. To this aim we introduce the unit spatial vector (with respect to Carter's observers)ν
A straightforward calculation shows that
which can also have a simple explanation recalling the definition of the Killing tensor
An equivalent representation for E 1 can be obtained by introducing the following orthonormal frame
We have
where we have introduced the quantity β so that
the latter is also useful when writing U (g) , being
Up to now we have seen that the electric part of the Killing-Yano tensor when "measured" by the geodesic observers plays a central role in identifying a unit spacelike vector (with respect to the geodesic observers) which has the nice geometric property of being parallely trasported along U (g) . The associated magnetic part is instead given by
where
and
It results
The explicit expression of E 2 with respect to Carter's frame follows easily
Since E(U (g) ) and B(U (g) ) are not orthogonal, the latter cannot be used to identify an independent direction from E 1 in the local rest space of U (g) . To accomplish this instead one may form the Poynting vector
or simply apply a Gram-Schmidt orthogonalization procedure to E 2 (which is already orthogonal to U (g) ). In the latter case one immediately finds
Alternatively, one may evaluate the Poynting vector, that is
where the vector product is taken in the local rest space of U (g) , i.e.
and we have used the spacetime orientation condition η0123 = 1. Re-arranging signs conveniently, an adapted triad to U (g) can be formed then as follows
Finally, from this a parallel transported one along U (g) results in
which in general can be integrated in terms of elliptic functions.
IV. DEVIATIONS FROM GEODESICS
Let us decompose the displacement ξ as well as the associated deviation vector Y with respect to the parallel transported frame (52), i.e.
The equations of motion (11) thus become
The electric and magnetic part of the Riemann tensor in the parallel propagated frame are listed in Appendix A. These equations together with Eq. (53) have to be integrated with initial conditions ξâ(0) = 0 = dξâ dτ (g) (0) and ψ(0) = 0 and specifying the fixed spin orientation with respect to that frame, once a reference geodesic has been selected.
The perturbed orbit is given by Eq. (5), i.e.
with
where α ≡ tanh β (see Eq. (39)) and the following rotation about the vertical axis by an angle ψ has been performed for convenience, i.e. ζ2 = ξ2 and ζ1 = ξ1 cos ψ + ξ3 sin ψ , ζ3 = −ξ1 sin ψ + ξ3 cos ψ .
We then consider different choices of the reference geodesic and study the corresponding deviations.
A. Deviations from equatorial geodesics
In the case of equatorial geodesics we have θ = π/2 and dθ/dτ (g) = 0, implying that
The nonvanishing components of the electric and magnetic part of the Riemann tensor in the parallel propagated frame are given by
respectively. Note that now r is a function of the proper time according to
and dψ
The system (55) writes as
If the spin is aligned along the rotation axis, i.e. N1 = 0 = N3 and N2 = −1, we have ξ2 ≡ 0. The behavior of the frame components of the deviation vector Y , the magnitude of the displacement vector ξ as well as the perturbed orbits corresponding to selected equatorial geodesics are shown in Figs. 1-4 .
If the geodesic is also circular at a given r = const we have in addition R = 0 = dR/dr, so that
where upper/lower signs correspond to co/counter-revolving orbits. This is the only case which can be completely solved in closed analytical form [23] . It turns out that the spinning particle position for a given spin orientation oscillates about the Keplerian orbit with (a combination of) the proper radial and vertical epicyclic frequencies, while the azimuthal motion undergoes similar oscillations plus an additional secular drift (see Fig. 1 ).
B. Deviations from spherical geodesics
Spherical geodesics are characterized by r = const and R = 0 = dR/dr, so that
with arbitrary K. The behavior of the frame components of the deviation vector Y , the magnitude of the displacement vector ξ as well as the perturbed orbit corresponding to a selected spherical geodesic is shown in Fig. 5 . Polar geodesics have in addition L = 0, which condition fixes K too
We consider below the limiting case of Schwarzschild spacetime, which can be treated analytically.
Deviations from polar geodesics in Schwarzschild
In the Schwarzschild case (a = 0) we have
The solution of the geodesic equations is given by
the latter being the well known orbital frequency governing the geodesic oscillations out of the equatorial plane in the case of equatorial circular geodesics, so that
The system (55) in terms of the variable ψ writes as
with initial conditions ξâ = 0 = dξâ dψ at ψ = 0. Equations (72) reduce to an autonomous system by the transformation (58), so that the rotated coordinate axes correspond to the radial, vertical, and tangential directions, i.e.
with initial conditions ζâ = 0 = dζâ dψ at ψ = 0. The solution is ζ1 = 3γ
so that Ω (ep) ≡ ρ K ζ K is the well known epicyclic frequency governing the radial perturbations of equatorial circular geodesics. Finally, the perturbations to the polar geodesic (69) due to spin are given by
which can be also expressed in terms of the variables θ (g) or τ (g) through Eqs. (69) and (71), respectively. Consider a spinless particle moving along a polar geodesic starting from the axis, i.e. the orbit (69) with θ 0 = 0. The path will be confined on a plane at constant radius and constant value of the azimuthal angle. If the particle is endowed with spin, instead, the orbit no longer will maintain spherical and in addition will be dragged in the sense of increasing/decreasing values of the azimuthal angle depending on the spin orientation. After a quarter of revolution, i.e. for θ (g) from 0 to π/2, the radial shift and node advance when the orbit crosses the equatorial plane are given by
In the special case N = −λ2, δφ = 0 and
which monotonically decreases with increasing r 0 from its maximum value
attained at r 0 = 6M . Moreover, the deviations (12) between a pair of such particles are
where ||ξ|| = ||ζ|| depends on the spin orientation, the proper time parameter and the (constant) radius of the reference orbit. When N2 = 0, the deviation linearly increases with ψ due to the presence of a secular term in ζ3. If instead N2 = 0, the deviations are oscillations about the reference path.
C. Deviations from geodesics along the symmetry axis
The motion along the symmetry axis requires L = 0 and θ = 0, so that K = a 2 . The nonvanishing components of the electric and magnetic part of the Riemann tensor in the parallel propagated frame are given by [29] 
respectively. Note that r is a function of the proper time according to
The system (55) in terms of the variable r writes as
with initial conditions ξâ = 0 = dξâ dr at r = r 0 . If the spin is aligned along the axis, i.e. N1 = 0 = N3 and N2 = −1, we have ξ1 ≡ 0 ≡ ξ3 and
which can be expressed in terms of elliptic functions. In this case, the perturbations to the reference geodesic due to spin are then given by
where the result θ σ = 0 is consistent with the choice of spin aligned with the rotation axis.
D. Discussion
The study of spin-geodesic deviations addressed in the present section can be summarized as follows. When considering an equatorial circular geodesic as the reference path (see Fig. 1 ) the deviations due to spin remain small for a large interval of proper time, and exhibit an oscillating behavior with specific frequencies analytically determined in Ref. [23] . As expected from the presence of a secular drift term in the solution for the perturbed azimuthal motion, the magnitude of the oscillations increases with time, but very slowly, as shown in panel (d), where the behavior of the magnitude of the displacement vector is plotted as a function of the proper time. As a consequence, the perturbed orbit remains quasi-circular and quasi-equatorial even after many revolutions.
If the reference orbit is still an equatorial geodesic, but non-circular as in Figs. 2-4 , the situation can be quite different. For instance, in the case of the spiraling orbit of Fig. 2 the deviations are more enhanced approaching the horizon due to the increasing of the spin-curvature force there. The initial oscillatory behavior of the deviation vector components is lost soon (see panel (c)), and just after a few revolutions the magnitude of the displacement vector increases of about 2 orders of magnitude, so that the perturbed orbit is very different from the reference one, as shown in panel (a). In the case of the escape orbit of Fig. 3 we still have increasing deviations when the path is close to the hole, but these become less and less enhanced asymptotically far from the hole where the spin-curvature force vanishes. As a consequence, the perturbed orbit mostly remains close to the geodesic path. In Fig. 4 we have considered an equatorial non-circular geodesic with a "rosetta-like" path. As in the circular case we see oscillations 
in the variables r and θ, but now with a not well defined periodicity. The perturbed orbit still remains close enough to the geodesic. The case of non-equatorial reference geodesics has been investigated in Fig. 5 and 6 . In Fig. 5 we have selected a spherical geodesic. The components of the deviation vector are initially highly suppressed, but after a few revolutions they start increasing rapidly leading to a spiraling motion towards the horizon. Finally, Fig. 6 refers to a general non-equatorial non-circular geodesic starting from the equatorial plane with enough energy and angular momentum to escape after a few loops around the hole. This situation exhibits both features of Fig. 2 and 3 : the deviation vector components are initially very small, then increase to high values when the orbit passes close to the hole. During the escape far from the hole they practically stop increasing reaching asymptotic constant values. However, the magnitude of the displacement vector is big enough so that the perturbed orbit turns out to be very different from the reference one even for small spin. The parameters of the reference equatorial geodesic are chosen so that E = 0.95, L = 3.1, K ≈ 6.9 and ǫr = −1. The values of black hole rotation parameter, spin orientation and spin parameter as well as initial conditions are the same as in Fig. 1 . The geodesic path crosses the horizon (black disk at r+ ≈ 1.867M ) at τ (g) ≈ 39.7, whereas the path of the spinning particle becomes nearly circular at r ≈ 3.71M . Correspondingly the deviation components take the values Y1 ≈ −7.56, Y2 ≈ −0.67 and Y3 ≈ −45.9.
V. CONCLUDING REMARKS
We have studied the dynamics of extended spinning bodies in the Kerr spacetime in the pole-dipole particle approximation and under the assumption that the actual motion slightly deviates from the geodesic path. As usual, the spin parameter is assumed to be very small in order to ignore the back reaction on the spacetime geometry (see Ref. [23] for a detailed discussion on the validity of this approximation). This approach naturally leads to solve the Mathisson-Papapetrou-Dixon equations linearized in the spin variables as well as in the deviation vector, with initial conditions for geodesic motion. Even if there exist a number of papers discussing the dynamics of extended spinning bodies in Kerr spacetime, these are but related to special situations or involve fully numerical treatments. The novel contribution of the present paper concerns the choice of the reference path, which is here a fully general non-equatorial and non-circular timelike geodesic, allowing to go beyond previous results limited to the very special case of deviations from an equatorial circular geodesic.
The deviations from geodesic motion has been estimated by analyzing the behavior of the components of the deviation vector as well as the magnitude of the displacement vector as functions of the proper time along the reference path. As a general feature, even for small values of the spin parameter the deviations tend to grow with time, so that the difference between the path of a spinning particle and the reference geodesic becomes significant when measured after a time interval large enough. We have then considered different kinds of reference geodesics, including non-circular equatorial orbits, orbits along the rotation axis and spherical orbits. The case of polar geodesics in the Schwarzschild spacetime has been analytically solved, providing explicit expressions for radial shift and node advance of the resulting perturbed orbit. H(U (g) )33 = 3aM cos θ
